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1. INTRODUCTION 
In a nonassociative ring R a product of at least three elements makes 
no sense unless a prescription is added &8 to the order in which the 
successive binary multiplications have to be performed. The ordinary way 
of indicating such a process is the use of brackets. If the bracketing is 
given in such a way that the product is unambiguously determined, this 
product will be called completely bracketed, shortly: complete. If a 
product is partially (incompletely) bracketed it can be made complete 
in various ways. It should be stressed that these different ways of com- 
pleting the bracketing may lead to different results, i.e. they may represent 
different elements of R. If, however, a partially bracketed product repre- 
sents the same element in R, independent of the way in which it is made 
complete, this partially bracketed product will be called stable. In par- 
ticular a product of n elements (an n-product) which is not bracketed 
at all, will be called stable if it determines the same element in R whatever 
the complete bracketing may be. 
An (n, h)-product is an n-product with at least h equal factors; en 
(n, h)-product-associative ((n, h)-PA) ring is a ring in which any (n, h)- 
product is stable. An (n, h)-PA ring is a generalization of an n-PA ring 
which is by definition an (n, l)-PA ring, i.e. a ring in which any n-product 
is stable. The structure of an n-PA ring which is a generalization of a 
nilpotent ring was studied in previous papers [l, 21. 
In this paper a first attempt is made to study the properties of (n, h)-PA 
rings. After some general remarks it is shown that (with the exception 
of the (3, 3)-PA rings with unity) the (n, R)-PA rings with unity are 
power-associative, under certain circumstances even alternative and often 
associative. An example of a (3, 3)-PA ring with unity which is not power- 
associative is added ; the properties of the exceptional case, (3, 3)-PA 
rings with unity, will be treated in a separate paper. 
Finally, if an (n, h)-PA ring R has an idempotent e, it is shown that 
e is in the nucleus for h in - 2 ; moreover e is in the maximal R-ideal in 
the nucleus if it <n - 3. 
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2. GENERAL PROPERTIES 
As a consequence of the definition of an (n, h)-PA ring we have: 
LEMMA 2.1: An (n, h)-PA ring is an (n, h+ k)-PA ring. (k= 0, 1, 2, . . . . 
. . . . n-h.) For the proof of theorem 2.3 we need the following lemma 
(cf [2], lemma 3.1): 
LEMMA 2.2: For k> 5 the k-product uia2 . . . a& is stable if and only 
if the (k- 1)-products (aiu$za . . . ab, ai(uaus)u4 . . . ak, . . . . ala2 .., (at-iu~) 
are stable. 
THEOREM 2.3: An (n,h)-PA ring R is an (n+l, h+2)-PA ring 
(n-h> 1). 
PROOF: If xi52 . . . zn+l (a E R) is an (n + 1, h+ 2)-product, then each 
product xiza . . . (zkzk+i) . . . zn+l (k= 1, 2, . .., n) is stable by assumption. 
Using lemma 2.2 it follows that for n> 4 ~1x2 . . . xn+l is stable. It remains 
to show that the theorem is true for the (3, l)-PA and (3, 2)-PA rings, 
i.e. for the associative and alternative rings respectively. Associativity 
implies that the (4, 3)-products are stable and power-associativity in the 
alternative case implies that the (4, 4)-products are stable. 
COROLLARY 2.4: Let (ni, hl) -+ (ns, h2) denote that an (nl, hi)-PA ring 
is an (n2, b)-PA ring, then the following diagram is a corollary of lemma 
2.1 and theorem 2.3: 
(n, h) --+ (n+ 1, h+2) + . . . --+ (2n-h-l, 2n-h-2) +- (2n-h, 2n-h) 
4 4, 4 
(n, h+l) + (n+l, h+3) --f . . . -+ (2n-h-1, 2n-h-1) 
4 4 
5 i 
(n, n-l) --f (n+l, n+l) 
(n, n) 
For the proof of theorem 2.6 we need the following 
THEOREM 2.5 (Artin): The subring generated by any two elements 
of an alternative ring is associative (cf [3], p. 29). 
Any (n, n - 1)-product can be considered as an element of the subring 
generated by the two different factors which appear in the (n, n- 1) 
product; hence one obtains, using theorem 2.5: 
THEOREM 2.6: An alternative ring is an (n, n - l)-PA ring (n= 3, 
4, 5, . ..). 
REMARK 2.7: In the next section we shall prove that an (n, n- l)-PA 
ring with a unity is alternative (n= 4, 5, . . .). 
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3. (n,h)-PA RINGS WITH A UNITY 
LEMMA 3.1: If R is an (n, A)-PA ring with unity u and if n-h > 3, 
then R is (n- h)-PA. 
PROOF: For ~1 E R (j= 1, 2, . . ., n-h) the product QCCZ . . . xn-bG) con- 
sidered as an (n, h)-product is stable, hence ZIXZ . . . L&-h is stable. (By 
u(h) we denote an h-product of h equal factors u.) 
For the proof of theorem 3.3 we need the following 
THEOREM 3.2: A ring which is strictly n-PA (n> 3) has no unity. 
(A ring is said to be strictly n-PA if there exists at least one (n-l)- 
product which is not stable.) [3] 
An immediate consequence of lemma 3.1 and theorem 3.2 is 
THEOREM 3.3: If R is an (n, A)-PA ring with unity and n-h> 3, then 
R is associative. 
It remains to characterize the (n, A)-PA rings with unity for n-h< 3. 
To prove the next theorems it will be useful to introduce the functions 
&,(a, b, c; d) and f&(h)@, b, c; d): 
(1) &,(a, b, c; d) = &,a-da, b, c; d)d; 
&(a, b, c; d) = {u, b, G}, where {u, b, c} is th e associator {u, b, c}= (ab)c - u(bc), 
(2) &,(“)(u, b, c; d) =Qn(h-+z, b, c; d+u) - Qn@-l)(u, b, c; d); 
&,(o)(a, b, c; d) = &,(a, b, c; d), w h ere u denotes a unity and d +u instead 
of d means that one has to substitute d + u in any place where d appears : 
a, b and c may be functions of d! 
First let us assume that neither a nor b nor c is a function of d. Using 
equations (1) and (2) one obtains by direct calculation : 
&?a(l'(%hc;d)= Qr-1(a,b,c;d)+ Qn-z(a,b,c;d)+... 
(3) 
+ ; &o@, b, c; a) 
0 
and in general: 
(4 
1 
&n(*)(U, b, C; d)=a;:,f&h(a, b, C; d)+~~!n-l&n-h-l(~, b, C; a)+... 
+no(h) &o(a, b, c; 4 
where each ~l#b) is a natural number. 
It is not difficult to see that the equations (3) and (4) are valid even 
in the case that at least one of the entries a, b or c equals d. 
THEOREM 3.4: An (n+ 3, n+ l)-PA ring R with zero characteristic and 
unity u is associative (n > 1). 
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PROOF: From equation (4) it is clear that for any a, b and c E R one 
obtains : 
(5) Qn@qu, b, c; c) =,I)(*) &()(a, b, c; c), 
where a,+) is a natural number. If R is an (n+ 3, n+ l)-PA ring then by 
assumption &,(a, b, c; c) = 0, hence Qn(~)(a, b, c; c) = 0 for all h, in particular 
Qn(n)(u, b, c; c)=O, i.e. {u, b, c)=O. 
THEOREM 3.5: An (n+ 3, n+ 2)-PA ring R with zero characteristic and 
unity u is alternative (n > 1). 
PROOF : For any a and b in R &,(a, b, b; b) =0 and Qn(b, a, b; b) =O. 
Hence &,@)(a, b, b; b)=O and &,(*)(b, a, b; b)=O for all h; in particular 
Qn(“)(u, b, b ; b) =or@ Q&Z, b, b ; b) = 0 and 
&(n)(b, a, b; b)=a@ &o(b, a, b; b)=O, i.e. {u, b, b}=O and {b, a, b}=O, 
which implies alternativity. 
THEOREM 3.6 : An (n+ 3, n+ 3)-PA ring R with zero characteristic and 
unity u is power-associative (n> 1). 
PROOF: For any a E R 
(6) &,(a, a, a; a) = 0 and &&~a, a, a; a) = 0 
since R is an (n+ 3, n+ 3)-PA ring. Hence 
(7) Q?I(b)(u, a, a; a)=0 and Qr!,(uz, a, a; a)=0 for all h. 
In a similar way as in the previous theorems one obtains 
(8) 
Qn@)(u, a, a; a) =a,$%) Q&x, a, a; a) and 
Q”_;“(u2, a, a; a) =oco(“-l) Q,,(&, a, a; a). 
Applying equations (7), (8) and (1) one obtains: 
(9) {a, a, a>=0 and {ua, a, u}=O. 
These identities are sufficient to ensure that a ring with zero characteristic 
is power-associative (cf [3], p. 129 and 130) and the proof is complete. 
EXAMPLE 3.7 : A (3, 3)-PA ring with unity need not be power-associ- 
ative. Let R be the B-dimensional algebra with unity a0 over the real 
numbers with basis elements cco, al, ua, ua, a4 and multiplications aoat = 
=u.$uo=@, i=o, 1, 2, 3, 4, ~1~3=63~1=(133~44~4(232=~, a32=a42=a4, all 
other products of basis elements are zero. 
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Obviously R is a (3, 3)-PA ring (since it is commutative), but R is not 
power-associative : 
((a1 +a2J2h +az))(a +a21 = 0, (a1 + a2)2(a1 +a2)2= 4a4. 
4. IDEMPOTENTS IN AN (n, R)-PA RING 
In this section special subsets of a ring R play an important role. 
DEFINITION 4.1: An element r of R is called an n-product-associative 
(an n-PA) element of R if any n-product containing r as a factor, is stable. 
DEFINITION 4.2: _ The set of all n-PA elements of R is denoted by G, 
(n = 3, 4, 5, . . .) ; Gs is the nucleus N of R. 
DEFINITION 4.3 : Let KS be defined by Ks=Gs n G4. 
REMARK 4.4: In a previous paper [4] it was proved that K: is the 
maximal R-ideal in the nucleus N. 
THEOREM 4.5: If there is an idempotent e in an (n, h)-PA ring R 
and a E R, then 
(i) (e, e, a}={a, e, e}={e,a, e}=O, if hgn-1, 
(ii) e E GS , if h<n-2, 
(iii) e E KS , if h<n-3. 
PROOF: Since an (n, L)-PA ring is also an (n, k+ l)-PA ring (lemma 
2. I), we have to prove the propositions (i), (ii) and (iii) only for h=n- 1, 
h = n - 2 and h = n - 3 respectively. 
(i) In an (n, n- l)-PA ring R 
{e@--2), e, a} = (et%-2), a, e} = {a, e, et%-2)) = 0 
for any a E R and any bracketing of et*-2). Hence {e, e, a}= {e, a, e> = 
={a, e, e}=O. 
(ii) In an (n, n-2)-PA ring R 
{e(+2), a, b)= {a, e@-2), b}= {u, b, et%-Q)= 0 
for any a, b E R and any bracketing of e@-2) ; it follows that {e, a, b}= 
={a, e, b}={u, b, e>=O, i.e. the idempotent e is in Gs, the nucleus of R. 
(iii) In an (n, n-3)-PA ring R 
e@-%bc, a&-@bc, u&e@-% and abce@-3) 
are stable; it follows that eabc, aebc, abet and abce are stable, i.e. e E G4. 
Applying lemma 2.1 and proposition (ii) one obtains e E Gs, hence 
eEKs=GsnG4. 
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